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SUMMARY 
The c h a r a c t e r i s t i c s  of electromagnetic wave propagation i n  a cold, c o l l i -  
s ion le s s  plasma immersed i n  a steady, uniform magnetic f i e l d  are presented i n  
dimensional un i t s .  Data f o r  t he  "pr incipal"  waves a r e  presented as curves of 
wave number, wavelength, phase velocity,  and group v e l o c i t y  as funct ions of f r e -  
quency. Wave numbers f o r  oblique propagation a r e  presented f o r  angles of 0.lo, 
lo, loo, 45O, 80°, 89O, and 89.9O r e l a t i v e  t o  t h e  magnetic-field d i r ec t ion .  The 
range of magnetic-field s t r eng ths  covered by the  p l o t s  i s  10' t o  lo5  gauss, and 
t h e  range of e l e c t r o n  d e n s i t i e s  i s  101o t o  1015 ions  pe r  cubic centimeter. Cut- 
o f f  and resonance frequencies a r e  a l s o  p l o t t e d  as funct ions of densi ty  and 
magnetic-field s t rength .  
INTRODUCTION 
The intense i n t e r e s t  shown i n  plasma waves has led t o  s eve ra l  independent, 
though s i m i l a r ,  t h e o r e t i c a l  treatments of t h e  problem. 
a v a r i e t y  of forms. The case of wave propagation i n  a cold, c o l l i s i o n l e s s  
plasma i s  t y p i c a l  i n  t h i s  regard. Although t h e  ana lys i s  of t h e  cold plasma has 
been qu i t e  exhaustive, t h e  wave c h a r a c t e r i s t i c s  have been presented e i t h e r  as 
sketches showing the  l i m i t i n g  cases i n  d e t a i l  o r  as d e t a i l e d  p l o t s  covering re- 
s t r i c t e d  ranges of t h e  propagation frequency. These presentat ions used nondi- 
mensional expressions over a r e s t r i c t e d  frequency region i n  order  t o  c o r r e l a t e  
t h e  data from many conditions on a s ing le  p lo t .  The experimentalist ,  however, 
usual ly  p r e f e r s  dimensional data t h a t  cover a broad range of appl icat ion.  I n  
t h i s  r epor t  t h e  more common wave propagation parameters a r e  presented as dimen- 
s i o n a l  q u a n t i t i e s  and a r e  p l o t t e d  over an extended frequency range. 
curves a r e  intended t o  complement t h e  nondimensional p l o t s  t h a t  have been pre- 
sented over various frequency ranges ( r e f s .  1 and 2 ) .  
Resul ts  have appeared i n  
These 
Charac t e r i s t i c s  of t h e  plasma wave commonly used i n  microwave diagnost ics  
t o  measure e l ec t ron  dens i ty  (termed t h e  ordinary wave) a r e  independent of mag- 
n e t i c  f i e l d .  
e i t h e r  nondimensional or dimensional form, because t h e  only parameter i s  e l ec t ron  
density.  It i s  possible,  however, t o  devise diagnost ic  techniques based on char- 
a c t e r i s t i c s  of o the r  types of waves. Since t h e  plasma d e n s i t i e s  t h a t  can be de- 
termined from these  o the r  waves general ly  depend on magnetic f ie ld ,  care  i s  re- 
quired i n  s e l e c t i n g  t h e  propagation frequency. This d e t a i l e d  s e l e c t i o n  of t e s t  
Therefore, i t s  wave p rope r t i e s  can be presented conveniently i n  
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conditions i s  made more convenient by the  use of comprehensive p l o t s  t h a t  cover 
a l a rge  range of experimental frequencies.  
The curves presented i n  t h i s  repor t  apply f o r  small-amplitude electromag- 
n e t i c  waves (s ince a per turbat ion technique i s  employed) propagating through am 
atomic hydrogen plasma immersed i n  a uniform steady magnetic f i e l d .  
made from Astrom’s equations ( r e f .  2 )  predict ,  f o r  a cold, c o l l i s i o n l e s s  plasma, 
a l l  t he  important electromagnetic wave modes and t h e i r  resonances. Included i n  
the  r e s u l t s  a re  curves of wave number, wavelength, phase veloci ty ,  and group ve- 
l o c i t y  of waves propagating p a r a l l e l  and normal t o  the  magnetic f i e l d  over a 
spectrum of e x c i t a t i o n  from low-frequency rad io  waves (1. 6x105 cps) t o  submill i-  
meter microwaves (1.6~101~ cps) .  I n  addition, wave-number p l o t s  f o r  propagation 
a t  angles o ther  than 00 and 90° a re  presented. 
s i t y  and p a r t i c l e  dens i ty  covered by the  graphs are, respectively,  lo2 t o  lo5 
gauss and 1010 t o  1015 ions per cubic centimeter. 
Calculat ions 
Ranges of magnetic-field inten- 
THEORY 
The bas ic  equations f o r  t h e  propagation of an electromagnetic wave i n  a 
cold plasma with ove ra l l  charge n e u t r a l i t y  have been derived from various mathe- 
mat ical  models. The contr ibut ion t h a t  i s  usual ly  accepted as the  o r ig ina l  major 
work i s  tha t  by Astrom ( re f .  2 ) .  He assumed an i n f i n i t e ,  homogeneous medium of 
ions and e lec t rons  t h a t  were motionless i n  the  unperturbed s t a t e  and were im-  
mersed i n  a uniform s t a t i c  magnetic f i e l d .  The plasma w a s  considered co l l i s ion-  
f r ee .  Therefore, t h e  only forces  t o  a c t  on the  charged p a r t i c l e s  were those 
or ig ina t ing  from the  macroscopic e l e c t r i c  and magnetic f i e l d s .  Since there  were 
assumed t o  be no c o l l i s i o n s  between par t ic les ,  the  presence of n e u t r a l  const i tu-  
en t s  would not a l t e r  t h e  r e s u l t s  obtained from t h i s  theory. The ion and e l e c t r o n  
v e l o c i t i e s  were obtained by solving the  equation of motion f o r  a charged p a r t i c l e  
acted on by the  Lorentz force.  The plasma cur ren ts  obtained from these p a r t i c l e  
ve loc i t i e s  were s u b s t i t u t e d  i n t o  Maxwell’s equations t o  obtain a self-consis tent  
so lu t ion  i n  terms of the  d i e l e c t r i c  constants of the  medium. Although Astrom as- 
sumed a plane wave i n  h i s  development of t he  d i e l e c t r i c  coef f ic ien ts ,  Epstein 
( r e f .  3 )  obtained the  same dispers ion r e l a t i o n  f o r  c y l i n d r i c a l  waves. 
Dispersion Relat ion 
There a re  various forms i n  which the  r e s u l t i n g  equations may be presented, 
and each form i s  more convenient under ce r t a in  circumstances than the  others.  
The equations considered i n  t h i s  repor t  involve the  various components of a modi- 
f i e d  d i e l e c t r i c  tensor  KJ t he  modified d i e l e c t r i c  coe f f i c i en t s  used herein a re  
obtained by multiplying Astrom’s d i e l e c t r i c  coe f f i c i en t s  by ( w / c ) ~ .  Components 
of the  tensor  a re  K2, q, Kp, and Ks, where the subscr ip ts  2, r, p, and s 
r e f e r  t o  l e f t  ro ta t ion ,  r i g h t  ro ta t ion ,  axial ,  and t ransverse e l e c t r i c - f i e l d  
polar izat ions.  
r e p o r t  can be derived from the  dispers ion r e l a t i o n  ( r e f .  4 )  
(Symbols a re  defined i n  appendix A. ) The equations used i n  t h i s  
$k4 - $?kz + (& = 0 (1) 
2 
It should be noted t h a t  Kp i s  independent of magnetic-field strength.  
Waves propagating a t  Oo and 90' with respect  t o  t h e  magnetic f i e l d  a re  re- 
f e r r e d  t o  as p r inc ipa l  waves or modes. Waves propagating a t  angles between 00 
and 900 are  r e fe r r ed  t o  as oblique waves. If a rectangular  coordinate system is, 
se lec ted  - so t h a t  t he  pos i t ive  d i r ec t ions  of x and - z a re  p a r a l l e l  t o  (gxx )  xB 
and B, respect ively,  t he  coordinate components of k become 
(5) 
where the  numbers i n  the  subscr ip t  i den t i fy  the  two roo t s  obtained from equa- 
t i o n  (1). The components k, and k,, which a re  most commonly used i n  bound 
plasma problems, a re  the  quan t i t i e s  t h a t  a r e  general ly  measured experimentally. 
Another convenient form i n  which the  propagation vector  may be presented i s  
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This form immediately y i e l d s  the  wave numbers of the p r i n c i p a l  plasma modes by 
s e t t i n g  8 = 0' and 90'. Hence, 
y o  
kf = KZ 
k = Kr 2 r 
for k, = 0, e = OO 
0 f o r  kz = 0, e = 90 
( 7 )  
where kz and $ a r e  the  wave numbers of the  l e f t  and r i g h t  c i r cu la r ly  polar- 
ized plane waves propagating i n  the  d i r e c t i o n  of the  magnetic f i e ld ,  % 
wave number of t he  P mode (ordinary wave) i n  which the e l e c t r i c  vector  i s  par- 
a l l e l  t o  the  f i e l d  direct ion,  and ks i s  t h e  wave number of the  S mode (extra-  
ordinary wave) i n  which the  e l e c t r i c  vector i s  t ransverse t o  the  magnetic-field 
direct ion.  The only dispers ion r e l a t i o n  of the  p r i n c i p a l  modes t h a t  i s  not di- 
r e c t l y  represented i n  equation ( 7 )  i s  the  one f o r  t h e  S mode, which can be 
w r i t t e n  separately as 
i s  the  
mz ((02 + Lucim - meem - W c i O c e  - d ) ( m 2  - mciw + UceW - WciWce 2 P ks = - 
C 2  (m4 - wcim - Lugem2 + mzimge - u!gLu2 + O$3cemci) 
( 8 )  
Cutoff and Resonant Frequencies 
E x p l i c i t  expressions f o r  t h e  resonant and cutoff frequencies may be r e a d i l y  
Cutoff frequencies a re  designated by subscr ipts  beginning with 
obtained by s e t t i n g  k2 
t i o n  (1). 
Resonant frequencies a re  designated by the superscr ipt  CO. For each propagation 
angle the re  a r e  usua l ly  three  cu tof fs  and th ree  resonances t h a t  a r e  designated 
i n  the  order of increasing frequency by the  subscr ipts  1, 2, and 3. 
equal t o  i n f i n i t y  and zero, respectively,  i n  equa- 
0. 
Cutoff. - For propagation a t  a l l  angles except oO, 
4 
and 
A t  Oo, mO2 
( 9 )  and (10) p reva i l s  whenever 
t i o n s  ( 9 )  represent  a03 and ~ ~ 0 2  and equation (10) represents  mol.  
does not e x i s t .  The numerical order of t h e  subscr ip ts  i n  equations 
> wCi or n > 0.03 B2. If u) < uti, equa- P 
Resonance. - A t  8 = Oo, 
m 
Cc1. = wci 
m? = m c i  
while a t  0 = 90°, 
where mz1 and are  r e fe r r ed  t o  as the  lower and upper hybrid frequencies,  
respect ively.  
Resonant frequencies a t  an a r b i t r a r y  propagation angle a re  determined by 
solving f o r  the  roo t s  of the  expression .a?= 0 
k2 = M i n  equation (1). Hence, 
t h a t  w a s  obtained by s e t t i n g  
This expression i s  a l s o  considered i n  reference 5. 
Phase and Group Veloc i t ies  
The phase and group v e l o c i t i e s  f o r  t he  various modes are given by the  ex- 
pressions 
5 
and 
These are derived from equations ( 2 ) ,  (3), ( 7 ) ,  and (8). Only the expressions 
for group velocity are presented here. For the principal modes they are 
5 vP = LD 2 C 
2 0  - wci + Wee 
2w(2io2 - 
For the principal modes, the group velocity is in the direction of wave propaga- 
tion. For waves propagating at some arbitrary angle to the magnetic-field di- 
rection, however, the group velocity is generally not in the direction of wave 
propagation. 
The expressions presented in the sections Dispersion Relation and Cutoff and 
Resonant Frequencies are sufficient to determine the major characteristics of 
electromagnetic waves propagating through a cold, collisionless plasma. There 
are several ways in which these equations may be simplified depending upon the 
approximations that are made. 
discussed and compared to the Astrom model. 
mation (ref. 6), (2) the Stix approximation (ref. 7), and (3) the simplified 
Ohm’s law (ref. 8). 
In appendix B three approximate treatments are 
These are (1) the microwave approxi- 
RESULTS AND DISCUSSIONS 
In the section THEORY, Astrom’s dispersion relation was used to derive the 
characteristic wave equations in a plasma. These equations are valid for both 
6 
plane waves and cy l ind r i ca l  waves propagating through a cold, co l l i s ion le s s  
plasma immersed i n  a uniform magnetic f i e l d .  Except f o r  f igu res  13 t o  15, t h e  
da ta  f o c  a l l  curves presented i n  t h i s  repor t  were ca lcu la ted  from Astrom's equa- 
t ions .  Figures  13 t o  15 were obtained from equations presented i n  appendix B. 
Calculat ions were performed f o r  a f u l l y  ionized atomic hydrogen gas. 
provides a summary of a l l  t h e  data  covered by t h e  curves of f igu res  1 t o  18. 
Table I 
Wave Number of Pr inc ipa l  Modes 
Figure 1 cons is t s  of curves of t he  wave number squared as a funct ion of t he  
exc i t a t ion  frequency f o r  the pr inc ipa l  modes (P, S, R, and L) f o r  a range of 
dens i t i e s  from 1010 t o  1015 ions per cubic centimeter and at  magnetic f i e l d s  of 
lo2, lo3, lo4, and I O 5  gauss. A wavelength scale  i s  a l s o  included. The dashed 
sec t ions  of t h e  curves t h a t  appear i n  the  f igu res  a re  extrapolat ions from the  
ca lcu la ted  s o l i d  sections.  Cutoff and resonant frequencies a re  indicated by 
t r i angu la r  symbols a t  t he  bottom and t o p  of t he  f igure,  respect ively.  Figures 
l ( a )  and (d )  present  t he  data f o r  t ransverse wave propagation ( 0  = 90°) where 
t h e  e l e c t r i c  f i e l d  of t he  wave i s  a l ined  with the  d i r ec t ions  of the  magnetic 
f i e l d  and perpendicular t o  it, respectively; f i gu res  l ( b )  and ( e )  present t he  
da ta  f o r  longi tudina l  propagation ( 0  = O o )  where the  e l e c t r i c  f i e l d  i s  perpendic- 
u l a r  t o  the  d i r ec t ion  of the  magnetic f i e l d  and i s  l e f t  and r i g h t  c i r cu la r ly  
polar  i zed, r e  s pe c t i ve l y  . 
P l o t s  of k2 as a function of cu, such as those i n  f igure  1, may be used 
d i r e c t l y  t o  determine the  f e a s i b i l i t y  of transmission experiments i n  which phase 
s h i f t  i s  measured. It i s  in t e re s t ing  t o  note tha t  it i s  possible a t  ce r t a in  con- 
d i t i o n s  t o  determine an ion dens i ty  with the  use of the  S mode, while it i s  
impossible with the use of t he  P mode. For example, t he  maximum dens i ty  t ha t  
can be determined by a 
about 3 ~ 1 0 ~ ~  ions per cubic centimeter ( f ig .  l ( a ) ) .  
i n  a magnetic f i e l d  of l o4  gauss, dens i t i e s  up t o  9x1Ol2 ions per cubic cent i -  
meter could be determined w i t h  t h e  use of the  S mode ( f i g .  l (d -3 ) ) .  Conse- 
quently, by r o t a t i n g  the  waveguide 90° about i t s  axis, it would be possible t o  
increase the  upper dens i ty  l i m i t  of the  diagnost ic  system. Increasing the  f i e l d  
s t rengths  extends the  upper densi ty  l i m i t s  of the  S mode t o  l a rge r  values. 
Another example of t h e  use of t h e  curves i s  i l l u s t r a t e d  i n  f igu re  l(d-3).  A t  a 
frequency of lo8 radians per second, t he  v a l i d i t y  of an experimental determina- 
t i o n  of plasma proper t ies  with the  S mode f o r  a 10-centimeter-diameter plasma 
would be questionable f o r  dens i t i e s  l e s s  than lo1' ions per cubic centimeter, 
because the  wavelength of t h i s  mode i s  t h e  same magnitude as the plasma s ize .  
P mode a t  a frequency of 1011 radians per second i s  
If the  plasma were immersed 
Wave Number of Oblique Waves 
Wave numbers t h a t  have been presented up t o  now a re  f o r  the  p r inc ipa l  modes 
i n  which propagation normal t o  the  magnetic-field d i r ec t ion  i s  uncoupled from the  
p a r a l l e l  propagation. For oblique waves, however, t he  components of t h e  propa- 
gat ion vectors  kx and kZ, which are  respec t ive ly  normal t o  and p a r a l l e l  t o  
B, a r e  r e l a t e d  t o  each o ther  and t o  k through the  r e l a t i o n s  
7 
I 
2 k2 = e + k, 
kx = k s in  0 
k, = k COS 0 
These x- and z-components of t h e  propagation vector  a re  r e l a t e d  t o  the  t ransverse  
and p a r a l l e l  wave nmbers  t h a t  appear i n  the  ana lys i s  of  bound plasmas ( r e f .  8 ) .  
These components of t he  oblique waves (along with components of wavelengths) a r e  
presented i n  f igu res  2 t o  8 as funct ions of w f o r  0 = 0.lo, lo, loo, 45O, 80°, 
89O, and 89.9O and f o r  representa t ive  values of B and n. The magnetic-field 
s t rengths  covered by these  p l o t s  a r e  lo2, lo3, and lo4  gauss, and t h e  p a r t i c l e  
dens i t i e s  a re  1011 and ions per cubic centimeter. 
When the  propagation angle is varied, t h e  d ispers ion  r e l a t i o n  can be a l t e r e d  
markedly i n  some regions of t he  frequency spectrum and remain r e l a t i v e l y  un- 
changed i n  o ther  regions. 
d i f f i c u l t  t o  determine, such as when waves a re  generated by induct ion co i l s .  It 
becomes important, therefore ,  t o  assess  the  manner i n  which the  wave number 
changes with the  angle. 
I n  many experiments t h e  exact propagation angle i s  
Sketches (a) t o  (a)  a re  p r e s e n t e d t o  assist i n  t h e  i n t e r p r e t a t i o n  and use 
of f igu res  2 t o  8 and t o  i l l u s t r a t e  t h e  e f f e c t s  of  varying the  propagation angle. 
I n  these  sketches, t h e  wave numbers of t h e  p r inc ipa l  modes are compared with 
components of t he  waves propagating a t  angles near Oo and 900. 
Sketch ( a )  cons is t s  of curves taken from f i g u r e s  l(b), l ( c ) ,  4(a-2), 4(b-2), 
and 9(b) .  This sketch presents  k2 as a funct ion of w f o r  t h e  R and L 
modes and k$ f o r  a loo propagation angle. 
very similar t o  t h e  wave numbers of t h e  R and L modes over most of t he  fre- 
quency spectrum. 
marked by crosshatching, t h a t  do not have counterpar ts  i n  the  R and L modes. 
This modification r e s u l t s  i n  a resonance, which occurs a t  the  plasma frequency, 
t h a t  cannot be predicted by the  R and L modes. Near the  90' propagation 
angle the  wave number might be expected t o  approximate t h e  t ransverse  S or P 
modes r a t h e r  than t h e  R and L modes. 
As  might be expected, k$ a t  IOo i s  
There are, however, port ions of t h e  loo dispersion r e l a t ion ,  
I n  sketch (b), which i s  taken from the  curves of f i g u r e s  l(b), l ( c ) ,  6(a-2), 
6(b-2), and 9(b), k$ f o r  80° propagation i s  compared t o  the  R and L modes, 
Although t h e  general  shapes of t h e  80' curves bear  some s i m i l a r i t y  t o  t h e  R and 
L curves, the  magnitudes d i f f e r  appreciably. Obviously, t h e  R and L modes 
may not be used t o  approximate the  k, r e l a t i o n  f o r  l a rge  angles. 
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Resonance 1 
p o i n t s  
1 
2 3  
I 
I 
I 
I 
I 
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Sketch ( e )  i s  composed of curves taken from f i g u r e s  l ( a ) ,  l ( d ) ,  6(b-1), 
7(b-1), 8(a), and 9(a) .  I n  t h i s  sketch f o r  propagation angles of 800, 890, 
and 89.9O i s  compared wi th  t h e  S and P wave numbers. Two i n t e r e s t i n g  d e t a i l s  
should be noted i n  sketch ( c ) .  F i r s t ,  a resonance exis ts  between Oci and zero 
frequency f o r  propagation l e s s  than 90'; t h i s  resonance disappears a t  90°. 
AS 
6 -9 90' 1 
Resonance 1 
p o i n t s  
2 3 
Second, f o r  frequencies l e s s  than 
t h e  angle i s  va r i ed  near 90'. It follows from sketch ( c )  t h a t ,  f o r  0 l e s s  
than 89.90, k, cannot be approximated by t h e  S and P wave numbers. I n  con- 
trast, i n  sketch (a )  k$ can be approximated by the  R and L modes f o r  angu- 
l a r  deviat ions as l a r g e  as 10'. 
%, t h e  wave numbers change very r ap id ly  as 
Another mat ter  of passing interest  i s  i l l u s t r a t e d  i n  sketch ( c ) .  For nega- 
t i v e  values of k2, a branch of t h e  P curve i n t e r s e c t s  a branch of t he  S 
curve. Their counterpar ts  f o r  angles l e s s  t han  900 never in t e r sec t ,  however. 
As i l l u s t r a t e d  i n  sketch (d), t he re  appears t o  be an interchange of branches as 
0 approaches 90' ( s e e  branch marked ( x ) ) .  
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P mode, 
0 = 900 
-S mode 
mode. 0 = goo 
The t rends  f o r  imaginary wave numbers a re  ind ica ted  i n  these sketches. The 
t rends  a re  important since the  damping dis tance assoc ia ted  with wave phenomena 
can be represented by d = ( k i m ) -  , where kim s i g n i f i e s  t he  imaginary compo- 
nent of the  wave number. I n  the  absence of co l l i s ions ,  k i s  e i t h e r  purely r e a l  
or purely imaginary when CD i s  assumed r e a l  as i n  t h i s  report .  To give an idea  
of t he  magnitude of t he  numbers involved, the  s p e c i f i c  case 
cubic centimeter and B = lo4 gauss i s  p lo t t ed  i n  f igu re  9. 
consider t he  imaginary region of the  dispers ion r e l a t i o n  i n  wave propagation 
problems. A s  an example, t he  damping dis tance f o r  0 = 90°, n = 10 13 
ions per cubic centimeter, and 
9 ( a ) ) .  When 0 = loo, however, t h e  average damping d is tance  i s  of t he  order of 
10 centimeters. If the  c h a r a c t e r i s t i c  length of an experimental plasma were 
much l e s s  than t h i s  l a t t e r  damping distance, t he  plasma would be t ransparent  over 
a l a rge  pa r t  of the  imaginary-wave-number region. The plasma would then t rans-  
m i t  a disturbance a t  both higher  and lower frequencies  than  t h e  transmission 
cutoff frequency, and no sharp and wel l  defined cu to f f s  would ex i s t .  
1 
n = 1013 ions per 
The magnitude of 
over most of the  various branches r ead l ly  explains  why it i s  necessary t o  kiln 
when 
B = lo4 gauss i s  roughly 0.17 centimeter ( f ig .  
I n  summarizing t h e  discussions of sketches ( a )  t o  (a), it i s  worth not ing 
t h e  following for pos i t i ve  values  of k2: Over the  range of angles from Oo t o  
80' t he  dispers ion r e l a t i o n s  bear  some degree of s i m i l a r i t y  t o  each other,  while 
over t h e  range 80° t o  90° t h e  low-frequency regions of t h e  dispers ion r e l a t i o n  
change i n  a d r a s t i c  manner when t h e  angle i s  s l i g h t l y  varied.  This s e n s i t i v i t y  
t o  wave propagation d i r e c t i o n  near 90° i s  pointed out  f o r  t h e  case of resonance 
i n  reference 5, 
Cutoff and Resonant Frequencies 
Cutoff and resonant f requencies  a re  p a r t i c u l a r l y  i n t e r e s t i n g  because of 
t h e i r  r e l a t i o n  t o  dens i ty  measurement and power absorption i n  a plasma. 
off  k2 
k2 goes from fm t o  -M and thereby again def ines  a separat ion between propa- 
ga t ing  and nonpropagating regions. 
i s  r e f l e c t e d  by t h e  plasma, while a t  resonance most of t h e  s i g n a l  w i l l  e i t h e r  be 
r e f l e c t e d  or absorbed. I n  e i t h e r  case the  s igna l  can be a t tenuated  appreciably 
a s  it passes through t h e  plasma. 
have a detectable  v a r i a t i o n  with density,  they may conceivably be appl ied t o  
measure plasma density.  
A t  cut- 
oes through zero and, therefore ,  i s  a dividing point  between a propa- 
ga t ion  (k 5 > 0 )  and a nonpropagation (k2 < 0 )  region. Similarly,  a t  resonance 
I n  a r e a l  plasma a t  cutoff most of t h e  s i g n a l  
If e i t h e r  t h e  cutoff or resonant f requencies  
Cutoff frequency i s  p l o t t e d  aga ins t  dens i ty  i n  f igu re  16. 
coop of f i gu re  1 6 ( a )  i s  t h e  plasma frequency and i s  independent of magnetic 
f i e l d .  The upper and lower hybrid resonant f requencies  of t he  S mode a r e  
p l o t t e d  i n  f igu re  1 7  as a funct ion of ion  dens i ty  with the magnetic f i e l d  as a 
parameter. The resonances of the  R and L modes, which a re  the  e lec t ron  and 
ion-cyclotron frequencies,  respect ively,  a r e  p l o t t e d  i n  f igu re  18 as a funct ion 
of magqetic-field s t rength .  
The frequency 
The resonant frequencies f o r  oblique waves a re  p lo t t ed  i n  f i gu re  10 as a 
func t ion  of t he  propagation angle f o r  magnetic-field s t rengths  of lo2, lo3, and 
lo4 gauss and f o r  d e n s i t i e s  of and ions per  cubic centimeter. These 
frequencies a re  t h e  r o o t s  of equation (13). Several  i n t e r e s t i n g  phenomena a r e  
i l l u s t r a t e d  i n  these  curves. It i s  observed t h a t  t he  f i r s t  resonant frequency 
drops off  very r ap id ly  and goes t o  zero as 8 approaches 90'. This i s  consis t -  
e n t  with the  r a p i d  change i n  t h e  d ispers ion  r e l a t i o n  near  90° depicted i n  
sketch ( e )  f o r  t h e  lowest resonance. The second resonance uz cont inual ly  de- 
creases  as 8 goes from 0' t o  90'. Therefore, i n  an experiment, i f  t h e  propa- 
ga t ion  angle depar t s  from t h a t  expected, t h e  resonant frequency w i l l  s h i f t  from 
t h e  expected value according to t h e  presented curves. 
quency u? i s  fa i r ly  constant with angle, except, perhaps, a t  high f i e l d  
s t rengths  (B ,> l o4  gauss) and la rge  dens i t i e s  (n  2 
creases  with increasing angle. 
i s  p r a c t i c a l l y  constant between Oo and 80°. Above 80° t he  resonant frequency 
The t h i r d  resonant f r e -  
ions/cm3), where it in- 
Another f ea tu re  of t h e  d ispers ion  equation implied by the  sketches and de- 
p i c t ed  e x p l i c i t y  i n  figure 10 is t h a t  t he  second resonant frequency approaches 
t h e  smaller of e i t h e r  % o r  Oce as 8 approaches 0'. The t h i r d  resonance 
approaches t h e  l a r g e r  of t h e  two frequencies.  
12 
Phase and Group Veloc i t ies  of P r inc ipa l  Modes 
Phase ve loc i ty  U i s  p lo t t ed  as a funct ion of w i n  f igu re  ll f o r  densi- 
t i e s  of 1011, 1013, and 1015 ions  per cubic centimeter and f o r  magnetic f i e l d s  
of lo2, lo3, lo4, and lo5 gauss. A general  property evident from a l l  t h e  p l o t s  
i s  t h a t  t he  phase ve loc i ty  fo r  frequencies below t h e  nonpropagating band (or 
s top  band) i s  l e s s  than t h e  speed of l i g h t ,  while above t h e  highest  cutoff f r e -  
quency it exceeds t h e  speed of l i g h t .  
To complete t h e  presentation, t he  group ve loc i ty  V i s  p l o t t e d  as a func- 
t i o n  of w i n  f igu re  1 2  f o r  dens i t i e s  of 1011, 1013, and 1015 ions per cubic 
centimeter and f o r  magnetic f i e l d s  of lo2, lo3, lo4, and lo5 gauss. It may be 
not iced from the  p l o t s  t h a t  t h e  magnitude of t he  group ve loc i ty  i n  t h e  frequency 
region above t h e  highest  cutoff frequency i s  very near t h e  speed of l i g h t  and, 
consequently, would be d i f f i c u l t  t o  measure expe'rimentally within t h e  presented 
frequency range. I n  t h e  frequency region below t h e  lowest transmission cutoff,  
however, t he  group ve loc i ty  i s  s m a l l  enough t o  be determined experimentally. 
Although the  group v e l o c i t i e s  i n  the  lower frequency regions of experimental in- 
t e r e s t  a r e  large,  plasma d e n s i t i e s  could be determined by using waves of R o r  
L mode i f  t h e  propagation path length were s u f f i c i e n t l y  long t o  obtain a meas- 
urable time delay of the  signal.  A s  an example, for t he  plasma conditions pre- 
sented i n  f igu re  12(b-1) and a propagation length of 100 centimeters, a s igna l  
a t  a frequency of lo7  radians per second would propagate through t h e  plasma as 
an R mode with a time delay of t he  order of 2.5 o r  25 microseconds, depending 
upon whether t h e  densi ty  w a s  
t ive  l y  . or lOI5 ions per cubic centimeter, respec- 
CONCLUDIMG REM.ARKS 
The cha rac t e r i s t i c s  of electromagnetic wave propagation through a cold, col- 
l i s i o n l e s s  plasma immersed i n  a magnetic f i e l d  have been presented i n  dimensional 
form so the  experimental is t  may have quan t i t i e s  i n  laboratory uni t s .  The wave 
numbers, wavelengths, phase veloci ty ,  and group ve loc i ty  of t he  p r inc ipa l  modes 
determined from Astrom's equation a re  presented as funct ions of frequency. 
numbers (wavelengths) f o r  oblique waves a t  various propagation angles a re  a l so  
presented as funct ions of frequency. These values a re  of i n t e r e s t  i n  bound 
plasma experiments. I n  addition, t he  cutoff  and resonant frequencies f o r  both 
the  p r inc ipa l  and oblique waves a re  presented f o r  a range of plasma conditions. 
I n  examining t h e  r e s u l t s  f o r  oblique waves, it w a s  noted tha t ,  over the  range of 
propagation angles from about 80° t o  90° with respect  t o  t h e  magnetic-field di-  
rect ion,  t he  wave c h a r a c t e r i s t i c s  showed a marked s e n s i t i v i t y  t o  propagation di-  
rec t ion .  This e f f e c t  must be considered i n  t h e  design of experiments and i n  the  
i n t e r p r e t a t i o n  of experimental f indings.  
Wave 
Lewis Research Center 
National Aeronautics and Space Administration 
Cleveland, Ohio, August 7, 1963 
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APPENDIX A 
SYMBOLS 
C 
d 
E 
- 
e 
- 
J 
K 
k 
k 
- 
m 
n 
U 
V 
- 
v 
Z 
e 
A 
cu 
LUce 
%i 
1 4  
dispers ion r e l a t i o n  coe f f i c i en t s  
approximate dispers ion r e l a t i o n  coe f f i c i en t  
magnetic-field strength,  gauss 
magnetic-field vector, gauss 
ve loc i ty  of l i gh t ,  cm/sec 
damping dis tance 
e l e c t r i c  f i e l d  vector, esu 
e l ec t ron  charge, esu 
current  vector, abamp 
modified d i e l e c t r i c  coef f ic ien t ,  Astrom's d i e l e c t r i c  coe f f i c i en t  
mul t ip l ied  by L U ~ / C ~ ;  K, = (q -I- x2)/2 
wave number, 2-1c/A, cm-I 
propagation vector  
mass, @; 
p a r t i c l e  density, ions/cm3 
phase veloci ty ,  w/k, cm/sec 
group velocity,  am/&, cm/sec 
m a s s  veloci ty ,  cm/sec 
charge number of ions 
angle between d i r ec t ion  of wave propagation and magnetic-field di- 
rect ion,  deg 
wavelength, cm 
wave frequency, radians/sec 
e l ec t ron  cyclotron frequency, Be/mec, radians/sec 
ion  cyclotron frequency, ZeB/mic, radians/sec 
resonance frequency of oblique waves 
resonance frequency of L mode, uti, radians/sec 
resonance frequency of R mode, ace, radians/sec 
cutoff frequency of L mode, m o l  (eq. (sa))  o r  u02, radians/sec 
cutoff frequency of P mode, uoz (eq. (10 ) )  o r  mol, radians/sec 
cutoff frequency of R mode, u03 (eq. ( g b ) ) ,  radians/sec 
cutoff frequency of S mode, radians/sec 
lower cutoff frequency of S mode, eq. (sa), radians/sec 
upper cutoff frequency of S mode, eq. (9b), radians/sec 
lower cutoff frequency eq. (9a) ,  radians/sec 
middle cutoff frequency, eq. (lo), radians/sec 
upper cutoff frequency, eq. (9b), radians/sec 
plasma frequency, km,e2($ + $)I1", radians/sec 
e l e  c t  ron plasma frequency, (4mee /me ) radians/se c 
lower hybrid frequency of S mode, eq. ( E a ) ,  radians/sec 
upper hybrid frequency of S mode, eq. ( E b ) ,  radians/sec 
approximate resonant frequency f o r  S mode, eq. (B7),  radians/sec 
approximate resonant frequency for S mode, eq. (B5),  radians/sec 
ucioce + "p, radians/sec 2 
Subscripts: 
e e l ec t ron  
i ion  
15 
2 L mode, left circular polarization 
P P mode, axial polarization 
r R mode, right circular polarization 
S S mode, transverse polarization 
X rectangular coordinate, perpendicular to B 
z rectangular coordinate, parallel to B 
- 
- 
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APPENDIX B 
APPROXIMAT3 DISPERSION EQUATIONS 
The various approximations t h a t  a re  presented herein f i rs t  appeared i n  the  
l i t e r a t u r e  as developments of ind iv idua l  physical  models. Because of t h e i r  com- 
mon usage, wave numbers as funct ions of frequency were computed f o r  these  approx- 
imate dispers ion r e l a t i o n s  and were compared with t h e  r e s u l t s  of Astrom’s expres- 
sions. The r e s u l t s  of these comparisons a re  presented i n  t h i s  appendix. 
Microwave Approximat ion ( r e f  . 6 ) 
When the  ions a re  present only t o  maintain o v e r a l l  charge neut ra l i ty ,  a con- 
d i t i o n  e x i s t s  t h a t  i s  r e f e r r e d  t o  as t h e  microwave approximation. I n  t h i s  case 
t h e  ions do not contr ibute  t o  t h e  t o t a l  current,  and an e lec t ron  gas  with charge 
n e u t r a l i t y  r e su l t s .  Mower ( r e f .  6 )  has shown t h a t  t he  d i e l e c t r i c  coe f f i c i en t s  
can be represented by the  following equations (which can a l s o  be obtained from 
Astrom’s expressions i f  it i s  assumed t h a t  CD >>(Dei and i f  the  inequal i ty  
<< mi is used): 
k: = KL = ”[. 2 
C 
From equations (Bl) and (B3),  
where 
2 2 
Pe 9= mZe + 
A s  Long as the  frequency s a t i s f i e s  t he  inequal i ty  w > > u c f ,  t he  expression 
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developed f o r  t he  microwave approximation y i e l d s  p r a c t i c a l l y  t h e  same r e s u l t s  as 
Astrom's expression; however, terms a re  dropped i n  t h i s  approximation t h a t  in- 
troduce e r r o r s  i n  wave number whenever ca lcu la t ions  a r e  made near t h e  cutoff 
(aop, uo2, uOs, and wOs2) or resonant (s2) frequencies. 
come la rge  when t h e  transmission frequency i s  within a f r a c t i o n  of a percent of 
t he  cutoff or resonant conditions.  
These e r r o r s  only be- 
S t i x  Approximation ( r e f .  7 )  
Another model t h a t  i s  frequent ly  used involves t h e  simultaneous so lu t lon  of 
Ohm's l a w  and the  equation of motion of a f l u i d  element. If t h e  electron-ion 
mass r a t i o  i s  not neglected r e l a t i v e  to uni ty  i n  the  general ized Ohm's l a w  f o r  a 
c o l l i s i o n l e s s  plasma, r e s u l t s  f o r  K2, $, Kp, K,, and ks a re  obtained t h a t  
a re  i d e n t i c a l  t o  Astrom's r e su l t s .  I n  the  ca lcu la t ions  of' reference 7 ce r t a in  
terms t h a t  contain the  electron-ion m a s s  r a t i o  were neglected, and the  wave nwn- 
be r s  a re  p r a c t i c a l l y  i d e n t i c a l  t o  Astrom's r e s u l t s .  S t ix ,  i n  addition, used ap- 
proximate f a c t o r s  f o r  a quadrat ic  expression t h a t  appears i n  the  equation for 
t h e  d i e l e c t r i c  coe f f i c i en t .  These approximations r e s u l t  i n  t he  expression 
2 
where 
-2 -1 -1 + 
'I? ='" ce 0 c i  ($xi + 
2 )-1 
'"ci 
I n  performing t h i s  reduction, it w a s  necessary t o  neglect  WceUci as com- 
2 pared t o  uce. 
electron-ion m a s s  r a t i o  compared t o  unity.  
This approximation is equivalent t o  t h a t  which neglects  the  
I n  a similar fashion it can be shown t h a t  
18 
Since the  only approximation made i n  the  development of these equations w a s  t he  
neglect ing of w c i  compared t o  Wee, t he  e r r o r  i s  l a rge  only i n  the  v i c i n i t y  of 
t h e  frequencies tha t  a re  within a f r a c t i o n  of a percent of t he  lower and upper 
hybrid resonances and t h e  cutoff frequencies.  
Simplified Ohm's Law ( r e f .  8)  
The previous approximation may be f u r t h e r  s impl i f ied  by neglect ing t h e  
e l ec t ron  i n e r t i a  term i n  Ohm's l a w ,  t h a t  is, by using t h e  equation 
- v X B  1 - E+--- J X Z = O  
C 
i n  place of t he  general ized Ohm's l a w  (eq. 2-12, r e f .  1). This approximation i s  
e s s e n t i a l l y  equivalent t o  t h e  condition tha t  For t h i s  case the  d i e l -  
e c t r i c  coe f f i c i en t s  a re  
w << wee. 
The wave number f o r  t he  S mode reduces t o  
For oblique waves the  general  d i spers ion  r e l a t i o n  (eq. ( 6 ) )  becomes 
(k2 - K,) (k2 - Kz) 
tan20 = * 
Ksk2 - K,Kz 
( B l l a )  
( Bllb ) 
f o r  t h i s  approximation. Note t h a t  Kp does not appear i n  the  t m 2 0  re l a t ion .  
The component wave numbers may be wr i t t en  i n  t h e  same form as equation ( 5 ) ,  
namely, 
19 
The expressions f o r  .dl, 
t h i s  case 
ax, and vl have been modified, however, so t h a t  i n  
JBi = cos e 2 l  
These expressions are i d e n t i c a l  t o  t h e  dispers ion r e l a t i o n  presented i n  r e fe r -  
ence 8 i f  t he  proper subs t i t u t ions  f o r  k and 8 a re  made. 
Figure 13 presents  curves ca lcu la ted  from t h e  dispers ion r e l a t i o n  obtained 
by t h i s  method. When p a r t i c l e  currents  a re  negl ig ib le  compared t o  displacement 
currents,  Ohm's l a w  does not a f f e c t  t he  r e su l t s ,  and, consequently, t h e  r e s t r i c -  
t i o n  a << ace is not required. Therefore, t he re  a re  regions of t he  frequency 
spectrum, o ther  than LU <<ace, where the  approximate and exact expressions 
agree. The p l o t s  of e and kg for l a rge  magnetic f i e l d s  ( B  = lo5, f i g s .  
1 3 ( b 2 ) ,  13( c-2), 1( c-41, and 1( d-4)) demonstrate t h a t  agreement may e x i s t  f o r  
near ly  the  complete frequency range. Discrepancies between the  two models f o r  
t h e  example occur i n  narrow frequency bands centered around the  upper resonance 
poin ts  (near  
re la t ions .  A s  the magnetic f i e l d  decreases, t he re  i s  a wider range of frequen- 
c i e s  f o r  which t h e  approxlmate equation is  unsat isfactory.  
curacy a re  p a r t i c u l a r l y  l a rge  for low dens i t ies .  
exemplified by comparing f igu res  l(b-l), 1( e- l ) ,  and l(d-1) with 13(a-l), 
13(b-l) ,  and 13( e- l ) ,  respect ively.  
wee), which, incidental ly ,  a re  not predicted by the  approximate 
The regions of inac- 
These l a t t e r  conclusions a re  
Figures 1 4  and 15 present  t he  approximate dispers ion r e l a t i o n  f o r  oblique 
20 
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waves propagating at angles of: loo and 80°, respectively, as calculated for the 
simplified Ohm's law approximation. Curves presenting the corresponding Astrom 
data are also included in the figures to illustrate, by comparison, in what fre- 
quency range the results of this approximation can be applied. 
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TABLE I. - SUMMARY OF DATA PRESENTED IN FIGURES 1 TO 18 
Curve descr ip t ion  
k2 agains t  w 
(k2 > 0 )  
&k: agains t  w 
(k2 > 0) 
sx, 2 2  k, agains t  w 
:k2 < 0) 
u" aga ins t  8 
J aga ins t  w 
:k2 > 0) 
J agains t  w 
:k2 > 0 )  
c2 against  w 
:k2 > 0) 
__ 
L;, kg against  w. 
k2 > 0) 
J ~ ,  wm agains t  n 
Model 
Astrom 
k t r o m  
2strom 
4strom 
2strom 
2strom 
5impli- 
l i ed  
Ihm' S 
Law 
jimpli- 
Yed 
)h"S 
-aw 
Lstrom 
Wave propaga- 
t i o n  angle, 
8, 
deg 
0,90 
0.1,1,10,45, 
80,89,89.9 
1,10, 45,80, 
89,89.9,90 
0 t o  90 
0,90 
0,90 
0,90 
10,80 
0,90 
Magnet i c- 
f i e l d  
s t rength,  
B, 
gauss 
102 t o  105 
102 t o  10' 
104 
102 t o  104 
102 t o  10: 
102 t o  1 0 E  
102,105 
_ _  ~- 
. ~ .  
102,104 
102 to 105 
~ 
P a r t i c l e  
density,  
n, 
i o n s / c d  
1011,1013 
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Figure 1. - Wave number  as func t i on  of frequency. Wave propagation angles, 0' and  90'; Astrom's model. 
Figure 2. -Wave number  as func t i on  of frequency. Wave propagation angle, 0.1'; magnetic-field strength,  104gauss; particle den- 
sity, lu13 ions per cubic centimeter: Astrom's model. 
Figure 3. - Wave number  as func t i on  of frequency. Wave propagation angle, 1'; Astrom's model. 
F igu re  4. -Wave  number  as func t i on  of frequency. Wave propagation angle, 10'; Astrom's model. 
Figure 5. - Wave number  as func t i on  of frequency. Wave propagation angle, 45'; Astrom's model. 
Figure 6. - Wave number  as func t i on  of frequency. Wave propagation angle, 80'; Astrom's model. 
Figure 7. - Wave number  as func t i on  of frequency. Wave propagation angle, 89'; Astrom's model. 
Figure 8. - Wave number as func t i on  of frequency. Wave propagation angle, 89.9'; magnetic-field strength,  IO4 gauss; part ic le den- 
sity, 1013 ions per cubic cent imeter;  Astrom's model. 
Figure 9 .  - Wuve numbers i n  imaginary (nonpropagatingl region as func t i ons  of frequency for var ious oblique angles, Magnetic-field 
j t r eng th ,  lo4 gauss; particle density, lOI3 ions per cubic centimeter. 
Figure 10. - Resonant f requency as func t i on  of oblique wave propagation angle. Astrcm's model. 
Figure 11. - Phase velocity as func t i on  of wave frequency. Astrom's model. 
Figure 12. - Group velocity as func t i on  of frequency. Astrom's model. 
Figure 13. - Wave number as func t i on  of frequency. Wave propagation angles, Ooand 90'; simplif ied Ohm's  law approximation. 
Figure 14. - Wave number  as func t i on  of frequency. Wave propagation angle, 10'; simpl i f ied Ohm's law. 
Figure 15. -Wave  number  as func t i on  of frequency. Wave propagation angle, 80'; simplif ied Ohm's law. 
f i g u r e  16. - Cutoff frequencies as func t i ons  of density. 
Figure 17. - Resonance frequencies of pr incipal  modes as func t i ons  of particle density. 
Figure 18. - Resonance frequencies of R a n d  L modes as funct ions of magnetic-field strength.  
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Figure 11. - Concluded. Phase velocity as function of wave frequency. Astrom’s model. 
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Figure 12. - Group velocity as function of frequency. Astrom's model. 
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Figure 12. - Coxtinued.  Group velocity as funct!on cf frequency. Astrom's model. 
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Figure 13. - Wave number as function of frequency. Wave propagation angles, 0' and 90'; simplified Oh's law approximation. 
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Figure 13. - Continued. Wave number as function of frequency. Wave propagation 
angles, 0' and 90°: slmulified Ohm's law amroximation. 
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Flqure 13. - Conf,lnJed. Wave numlier as function of  frequency. Wave propagation angles, 0' and 90°; simplifled Ohm's law approximation. 
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Figure 13. - Continued. Wave number as function of frequency. Wave propagation angles, 0' and 90'; simplified Ohm's law approximation. 
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Figure 13. - Continued. Wave number as function of frequency. Wave propagation angles, 0' and 
90'; simplified Ohm'e law approximation. 
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Figure 13. - Concluded. Wave number as function of frequency. Wave propagation angles, 0' and 90°; simplified Ohm's law approximation. 
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Figure 14. - Wave number as function of frequency. Wave propagation angle, 10'; simplified Ohm's law. 
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Figure  14. - Continued. Wave number as function of frequency. Wave propagation angle, 10’; simplified Ohm’s law. 
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Figure 14. - Continued. Wave number as function of frequency. Wave propagation angle, 10'; simplified Ohm's law. 
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Figure 14. - Concluded. Wave number as  function of frequency. Wave propagation angle, 10'; s impl i f ied  O h ' s  law. 
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Figure 15. - Wave number a s  func t ion  of frequency. Wave propagation angle,  80'; s impl i f ied  Ohm's law. 
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Figure 15. - Continued. Wave number as  function of frequency. Wave propagat!on angle, 80'; simplified Ohm's  law. 
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Figure 16 .  - Cutoff frequencies as functions of density.  
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Figure 16 .  - Continued. Cutoff frequencies as functions of density 
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Figure 1 7 .  - Resonance frequencies of principal modes as functions of particle 
density. 
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Figure 1 7 .  - Concl.uded. Resonance frequencies of principal modes as functions of 
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Figure 18. - Resonance frequencies of R and L modes as functions of magnetic- 
field strength. 
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